We have studied a shadow of a Schwarzschild black hole perturbed by gravitational wave. It is shown that the shadow changes periodically with time and it depends on the order of Legendre polynomial l and the frequency σ of gravitational wave. For the odd order of Legendre polynomial, the total shadow vibrates with time along the direction which is vertical to equatorial plane. For even l, the centre of the shadow does not move, but its shape alternately stretches and shrinks with time along the vertical direction. The deviation from Schwarzschild black hole shadow is clearer for a bigger gravitational wave frequency. Furthermore, the dispersed points and self-similar fractal structures, which are caused by chaotic lensing, appear in the boundary of the shadow for Schwarzschild black hole perturbed by gravitational wave. Our results show that gravitational wave yields a lot of interesting patterns for the black hole shadow.
I. INTRODUCTION
The first direct observation of gravitational waves (GW150914) [1] [2] [3] reported by LIGO and Virgo Scientific not only confirms the success of Einstein's general relativity, but also opens a new era in the fields of astronomy, astrophysics and cosmology. Subsequently, there are several gravitational waves events have been detected, which are caused by binary black hole merger (BBH) [1] [2] [3] [4] [5] [6] [7] or by binary neutron star (BNS) merger [8] .
Especially, the discovery of the electromagnetic signals in gamma-ray [8] [9] [10] arising from binary neutron star (BNS) merger means the arrival of multi-messengers astronomy. By comparing with theoretical templates, gravitational waves could tell us a variety of parameters of astrophysical compact objects such as their masses, spins and so on. The detection of gravitational waves could help us to understand further black hole and to verify various gravity theories.
Another exciting event in astrophysics and black hole physics is the first image of the supermassive black hole in the center of the giant elliptical galaxy M87, which was announced by Event Horizon Telescope Collaboration in 2019 [11] [12] [13] [14] [15] [16] . It provides the first direct visual evidence that there exists exactly black hole in our Universe. Black hole image can be regarded as a potential tool to verify gravity theories and identify black hole parameters. The initial analysis of the first image of black hole has no striking deviations from the predictions of general theory of relativity. The dark region in the center of black hole image is black hole shadow, which corresponds to light rays fall into event horizon of black hole. The fingerprint of the geometry around the black hole would be reflected in the shape and size of black hole shadow [17, 18] . For example, the shadow of a Schwarzschild black hole is a perfect black disk. But for a Kerr black hole, shadow becomes a Dshaped silhouette gradually with the increase of spin parameter [17, 18] . In the spacetime of a Kerr black hole with Proca hair and a Konoplya-Zhidenko rotating non-Kerr black hole, cusp silhouette of black hole shadows emerge [19, 20] . In the spacetime of a rotating black hole with scalar hair [21] [22] [23] [24] , a Majumdar-Papapetrou binary black hole system [25, 26] , Bonnor black diholes with magnetic dipole moment [27] , and a non-Kerr rotating compact object with quadrupole mass moment [28] , the self-similar fractal structures are found in black hole shadows which caused by non-integrable photon motions. The richer structures and patterns of black hole shadows with other parameters in various theories of gravity have been recently investigated in Refs. .
Since both the gravitational waves detection and Event Horizon Telescope observation play a vital role in the study of black holes and verification of various gravity theories, it is very interesting to study the effects of gravitational waves on black hole shadows and the change of black hole shadows with gravitational waves.
In this paper, we would like to study the shadow of a Schwarzschild black hole perturbed by a special class of gravitational wave [56, 57] . This solution of gravitational wave was obtained by Xanthopoulos [56] , and it satisfies the Regge-Wheeler equations. Due to the presence of gravitational wave, the equations of particle motion are no longer integrable, and then the chaotic motions for test particles appear in this background of a Schwarzschild black hole perturbed by such gravitational wave [57] . Therefore, it is expected that the chaotic lensing caused by the gravitational wave [56] would give rise to some new effects on the black hole shadow. The main purpose of this paper is to probe the features of shadow casted by a Schwarzschild black hole perturbed by the gravitational wave [56] and to detect the effects of the gravitational wave on the shadow.
The paper is organized as follows. In Sec. II, we review briefly the spacetime of a Schwarzschild black hole perturbed by gravitational wave [56, 57] and then analyze the null geodesic equations in this spacetime. In Sec.
III, we present numerically the shadows for the Schwarzschild black hole perturbed by gravitational wave in different times and probe the effects of the gravitational wave on the shadow. Finally, we present a summary.
II. THE SPACETIME OF SCHWARZSCHILD BLACK HOLE PERTURBED BY GRAVITATIONAL WAVE AND NULL GEODESICS
The metric of a Schwarzschild black hole perturbed by the special class of gravitational wave [56, 57] can be described as
where g µν is the metric tensor of a usual Schwarzschild black hole with a form
ǫh µν is the perturbation from gravitational wave [56] , and h µν is given by [56, 57] 
where
P l = P l (cos θ) are the usual Legendre polynomials(l > 1), σ is the frequency of gravitational wave. The solution (3) is a particular solution of the first-order Einstein equations [57] . For even (odd) order l in P l , the perturbations (3) are even (odd) functions of cos θ, therefore the gravitational wave is (not) symmetric with respect equatorial plane [56, 57] . Moreover, the spacetime of Schwarzschild black hole perturbed by gravitational wave is no static because the metric function depends on the time coordinate.
The Hamiltonian of a photon propagation along null geodesic in the spacetime of Schwarzschild black hole perturbed by gravitational wave (3) can be expressed as
.
We can see the Hamiltonian (5) is an explicit function of time coordinate t, and the photon moving in this spacetime only has one conserved quantity which corresponds to z component of the angular momentum
With the conserved quantity L z , we can find the null geodesic equations of photon motion in the spacetime can be expressed as
where the dots denote derivatives with respect to the proper time τ , and the primes denote derivatives with respect to the radial coordinate r. It is obvious that the photon dynamical system is non-integrable, so the motion of photon could be chaotic in this spacetime.
III. SHADOWS CASTED BY SCHWARZSCHILD BLACK HOLE PERTURBED BY GRAVITATIONAL WAVE
In this section, we will study the shadows of Schwarzschild black hole perturbed by gravitational wave with the backward ray-tracing technique [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . We evolved light rays by solving numerically the null geodesic equations (7) from the observer backward in time and can obtain the information carried by each ray. The shadow of black hole is composed by the light rays falling down into the horizon of black hole. Since the perturbations from gravitational wave at spatial infinity are negligible, the spacetime of Schwarzschild black hole perturbed by gravitational wave is asymptotically flat. We can define the observer's sky as the usual cases in which the observer basis {et, er, eθ, eφ} can be expanded as a form in the coordinate basis
where the transform matrix e 
Thus the locally measured four-momentum pμ of a photon can be obtained through the projection of its four-momentum p µ onto eμ, i.e.,
After the similar processes in Refs. [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] , one can obtain the coordinates of a photon's image in observer's sky
where the spatial position of observer is set at (r obs , θ obs ).
In Fig.1-4 , we present the shadows of Schwarzschild black hole with different gravitational waves which observer obtain at different times t obs . Here, we set the observer at r obs = 50, θ obs = 90
• (the observer locates at the equatorial plane of the black hole), and the mass of Schwarzschild black hole M = 1. From Fig.1 and shadows we can find the shadow of Schwarzschild black hole perturbed by gravitational wave is not static but changes periodically. In addition, we zoom in the area within the red box in Fig.4(g) , and find that there exist dispersed points and self-similar fractal structures in the boundary of shadow, which is shown in Fig.5 . Their appearance hints there are chaos in shadows of Schwarzschild black hole perturbed by the gravitational wave.
In order to study quantitatively the deformation for the black hole shadow perturbed by the gravitational wave (3), we calculated two deviated parameters ε o and ε e , which measure the deviation of these shadows from usual Schwarzschild black hole shadow. Considering that the parity of l in Legendre polynomials p l give rise to different effects of gravitational wave (3) on shadow of Schwarzschild black hole, we set the deviated parameters ε o and ε e to measure the deviation of shadows for odd l and even l, respectively. As l is odd, the deviated parameter ε o can be expressed as
where y t is the y coordinate of the topmost point in shadow, y b is the y coordinate of the bottommost point in shadow, and r S is the radius of Schwarzschild black hole shadow. If black hole shadow shifts upward (downward), the deviated parameter ε o will greater than zero (less than zero). As l is even, since the shadow alternately stretches and shrinks along the vertical direction, and then the deviated parameter ε e can be expressed as
where x r is the x coordinate of the rightmost point in shadow. If black hole shadow is prolate (oblate) than Schwarzschild black hole shadow, the deviated parameter ε e will greater than zero (less than zero). In Fig.6 and Fig.7 , we show the changes of the deviated parameters ε o for l = 3 and ε e for l = 4 with time t obs . We found the deviated parameter ε o fluctuates up and down with time for ǫ = 0.01, l = 3 and σ = 1, 1.4 in Fig.6(a) . What's more, the amplitude of the deviated parameter ε o is larger for a bigger gravitational wave frequency σ. From Fig.7(a) we can find the similar situation for ǫ = 0.05, l = 3, and σ = 0.2, 0.5. In Fig.6(b) , the deviated parameter ε e is always greater than zero for ǫ = 0.01, l = 4, and σ = 1, 1.4 , which indicates that the shadows in this case are always prolate than Schwarzschild black hole shadow. But we can find ε e fluctuates slightly and the prolateness of shadow changes periodically with time. Moreover, the prolateness of shadow increases with increase of the gravitational wave frequency σ. For the case ǫ = 0.05, l = 4, and σ = 0.2, 0.5, as shown in Fig.7(b) , the deviated parameter ε e fluctuates up and down around zero, which means the shadow is alternately prolate and oblate than Schwarzschild black hole shadow with time.
It is necessary to study the shadows that observer obtain at other inclination angles θ obs . In Fig.8 and Fig.9 , we show the shadows for the observers at inclination angle θ obs = 0 • and 45
• in different times t obs . Here 
IV. SUMMARY
In this paper we studied a shadow of a Schwarzschild black hole perturbed by a special class of gravitational wave. Under the influence of gravitational wave, the equations of photon motion in this spacetime are no longer integrable, and the shadow changes periodically. When the order of Legendre polynomial l is odd, the total shadow vibrates with time along the direction which is vertical to equatorial plane. When l is even, the centre of the shadow does not move, but its shape alternately stretches and shrinks with time along the vertical direction. We studied the effects of gravitational wave on Schwarzschild black hole shadows by calculating two deviated parameters ε o and ε e in different times, and found the deviation from Schwarzschild black hole shadow is clearer for a bigger gravitational wave frequency σ. We also found that there exist dispersed points and self-similar fractal structures in the boundary of shadows, which indicates that chaos appear in the shadows of Schwarzschild black hole perturbed by the gravitational wave. In addition, we present the shadows for the observer locating at inclination angle θ obs = 0
• and 45
• , respectively. Our results
show that gravitational wave yields a lot of interesting patterns for the black hole shadow.
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